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The shaft whirling critical speeds for the M-l fuel turbopump assembly
are presented in this report. The roller bearing loads caused by shaft whirling

and other sources are also discussed.

The predicted critical speeds are 16,000 rpm for the Model I turbopump,
15,700 rpm for the Model II turbopump with an interim inducer, and 18,000 rpm

for the Model IT turbopump with the final inducer. Nominal operating speeds
for the Model I and Model IT turbopumps are 11,700 rpm and 13,225 rpm, (,\
AN

respectively.
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1. SUMMARY

The analytical determination of shaft whirling critical speeds and bearing
loads for the Model I and Model II fuel turbopumps is delineated herein. The Model I
is basically the same as the Model II except for the turbine end in that the Model I
turbopump has one turbine wheel while the Model II has two turbine wheels.

The nominal operating shaft speeds for both turbopumps (Model I and Model II)
are 1i,700 and 13,225 rpm, respectively. These are sufficiently below their first
critical speed to preclude bearing loads of magnitude in excess of the roller bear-
ing capacities. The critical speeds predicted are 16,000 rpm for the Model I,
15,700 rpm for the Model II with interim inducer, and 18,000 rpm for the Model II
with final inducer.

Bearing loads from sources other than shaft whirling (e.g., engine accelera-
tions, gimbal snubbing, decelerations, etc.) are presented and combined into the
total predicted reactions. As the total reactions on the roller bearings are less
than the predicted and tést demonstrated capacities, they should not cause bearing
failure during the required life of the turbopump.

Experimental and theoretical evaluation and correlation of roller bearing
spring rate-load relationships was accomplished. The turbine bearing support hous-
ing spring constant was also ev§luated both experimentally and analytically.

The analyses were accomplished using digital computer programs, which are
capable of accounting for the effects of non-linear load-deflection characteristics
of the bearings, gyroscopic and inertia forces, shear and flexural deflections of
the shaft, rotor misalignment and bearing clearances, ang dynamic coupling of the
housing and rotor.

il. INTRODUCTION

The lateral vibration and roller bearing load analysis for the M-1 fuel
turbopump assembly for both the Model I (single turbine wheel) and Model II (two
turbine wheels) configurations is delineated in this report.

In addition to the computation of the natural freguencies and roller bearing
loads, the following areas were also investigated: shaft elastic curves (for evalu-
ation of rotor blade clearances) shaft bending stresses caused by conical whirling,
bearing capacities, and operating Hertz stress levels.

The analysis was made in support of the design of the M-1 fuel turbopump
which was designed, fabricated, assembled, and tested by the Aerojet-General Corp.
at i1ts Sacramento Plant under Contract NAS 3-2555 for the National Aeronautics and
Space Administration Lewis Research Center, Cleveland, Ohio.

‘ Much of the analysis was performed using computer programs developed
for the dynamic analysis of the fuel +turbopump assembly. In addition
to providing a capability for evaluating the natural frequencies of complex



multi-degree-of~freedom models, these programs were also used to determine the
mode shapes and associated shear and moment distributions, as well as the slopes
and deflections caused by harmonic forcing functions.

IIT. DESCRIPTION OF OVER-ALL CONFIGURATION

The fuel turbopump assembly is a 10-stage axial flow unit designed to
deliver liquid hydrogen at a high flowrate. The 10 stages consist of a first-
stage mixed flow inducer and stator, a second-stage axial inducer and stator, and
eight axial mainstages. Each mainstage consists of a row of rotating blades
and a row of stator blades. Power is supplied by a single- or double-stage
turbine, which is coupled directly to the pump rotating assembly. The fuel
turbopump assembly, in its transport stand, is shown in Figure No. 1.

.~

4

The fuel turbopump assembly is an integrated design in that no separate
pump assembly, power transmission assembly, or turbine assembly exist as
completely independent units. The bearings are contained within the pump envelope.
The turbine shaft, which carries the turbine-end roller bearing, is installed
directly into the pump rotor by using a series of pilot diameters and a spline.
This coupling is designed so that a rigid joint is formed at operating temperature,
which results in a single rotating assembly comprised of turbine and pump
components.

A more complete description of the turbopump is provided in other NASA
Contractor Reports.(1)(2)

A, MODEL T AND MODEL IT TURBOPUMP UNITS

There are three versions of the M-1 fuel turbopump assembly. The
bearings are identical in each unit. The only differences occur in the first-
stage inducer and turbine areas. The Model T has a single-stage turbine and
exhaust cone, and an interim inducer. Most of the rotating system for the single
stage turbine configuration is shown in Figure No. 2. The Model ITI has a two-
stage turbine and the same exhaust cone and inducer as the Model I. The Model II-B
unit is identical to the Model II-A except that the interim inducer is replaced
with a lighter final inducer and the exhaust cone is replaced with a hemispherical
exhaust manifold.

The Model I and Model II-A are intended for component testing only.
The Model I is designed to operate up to three-fourths of design speed while the
Model II-A is capable of full speed operation. It is the Model II-B that is
intended for use in the engine system.

{1) '"Mechanical Design of a Two Stage Impulse Turbine for the Liquid Hydrogen

Turbopump of the M-1 Engine,” NASA CR-5L4821, 1966.
(2) "Mechanical Design of the M-1 Axial Flow Liquid Hydrogen Pump," NASA
CR-5L823, 1966.
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Figure 1

Model I Fuel Turbopump Assembly
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o STATIONARY PARTS (FUEL TURBOPUMP ASSEMBLY HOUSING)

The guide vane housing, located directly above the ball bearings
(Figure No, 3), serves two functions. It provides a set of guide vanes that
direct the fluid flow from the first-stage inducer to the second-stage inducer
and it serves as a bearing housing, which supports the pump-end bearing package.
All thrust loads and pump end radial loads are transmitted through this housing,
whizh also contains passages for bearing coolant flow, both in and out of the
bearing package. This housing contains passages used for routing instrumentation
wires which originate within the bearing package.

The stationary components at the turbine end consist of the turbine
bearing housing support frame, inlet manifold, and exhaust cone.

The turbine bearing housing transmits the radial loads from the
turbine bearing to the pump discharge housing.  Coolant passages for the bearing
are lorated in the housing.

Zhe support frame 1s made up of three conical segments that are
fabricated from sheet stock. BEach segment is continuous for approximately
T2-degrees of the circumference. The openings between the segments are required
for the turbine manifold, coolant lines, and instrumentation.

The turbine inlet manifold is a constant area torus containing
37 nozzle vanes. The manifold is insulated to minimize the transfer of heat to
pump components., Heat shields and a metal seal are provided to confine all
hot gas flow %o the turbine area and exhaust system.

The exhaust cone is fabricated from sheet metal and is designed to
dire:* the exhaust gases into a test stand exhaust line. The model II-B has
a hemistherical exhaust.manifold, which has outlets faor :ducts that route the exhaust
gases to the oxidizer pump turbine inlet manifold.

Ce  WEIGHT

All rotating components are of flight-weight design. Weight reduction
teremz a vital fastor in obtaining an acceptable calculated critical speed for the
fuel turtopump assembly.

In contrast to the lightwelght rotating components, the exterior
hcusing, which are machined from castings, are of heavy construction. Component
F * was only a minor consideration when function and schedule lead time were

Ze  METIOD CF SUPPORT FOR ROTATIING SYSTEM
Tha fuel turbopump assembly rotor support system is designed so
that +he rajial loads are transmitted from the rotor, through the roller bearings,

to tha housing, The thrust loads are transmitted from the rotor, through the
ball besarizgs, to the housing.

Page 5
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Figure 3
Model I Turbopump Cross-Section
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. The ball bearings are ground as a set to guarantee proportionate
load sharing. The thrust bearing system is designed so that the ball bearings
can transmit a maximum radial load of approximately 200 lb. This is accomplished
by mounting the thrust bearings in a radially flexible housing, which ensures that
the roller bearings carry virtually all of the radial loads.

E. METHOD OF SUPPORT FOR FUEL TURROPUMP ASSEMBLY HOUSING

The fuel turbopump assembly is secured to the test stand or engine
by supporting struts (see Figures No. 4, 5, and 6) which are connected to the
engine at three points. Two of the connection points are located in a plane
near the pump center of gravity and the third acts as a stabilizer.

The method of attaching the fuel turbopump assembly to the engine or
test stand defines the spring system between the turbopump and its reference
plane (i.e., ground). Because the stiffness of the supporting struts has some
effect upon the critical speeds and bearing reactions, the strut stiffness was
evaluated.

Iv. OPERATING CONDITIONS

A, PURPOSE OF FUEL TURBOPUMP ASSEMBLY

The purpose of the M-1 fuel turbopump is to supply liquid hydrogen
to the engine system. The turbopump consists of a 10-stage axial flow, reaction-
type pump that 1s directly driven by a two-stage, axial flow impulse type, gas
turbine (see Figure No. 7).

B. PUMP DESIGN CRITERTA(3)

The pump nominal design flowrate 1s approximately 60,000 gal per
minute. Its nominal inlet pressure is 30.8 psia for -421°F liquid hydrogen
temperature, and nominal discharge pressure is 1800 psia at nominal operating
shaft speed of 13,225 rpm. The maximum design shaft speed is 14,550 rpm. At
the engine nominal operating speed, the pump shaft power is Th,138 horsepower.
~he maximum design shaft power is 119,725 horsepower.

C.  TIREINE DESIGN CRITERIA(4>

The turbine nominal design flowrate is 99.3 lb/sec at a nominal
desigr. gas inlet temperature of 1000°F. Nominal design turbine inlet pressure
is 1020 psia and nominal design turbine exit pressure is 214 psia. The turbine
drive gas is furnished by the engine system gas generator and consists of
spproximately 90% gaseous hydrogen and lO% steam.

(3) M-1 Engine Design Information Report, Aerojet-General Report No. 9430-DIR-1,
16 Ozt 196L,

(4) 1oia.
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Figure &4
M-1 Engine With FTPA Support System
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Figure 6

FTPA Installed in Test Stand E-1
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Ve LATERAL VIBRATION MODEL

A, MATHEMATTCAL MODEL

The lateral vibration and bearing load characteristics of three fuel
turbopump assembly configurations were evaluated. The first configuration is a
Model I design that has a 93 lb interim inducer and a 215 1lb first-stage turbine
wheel., A cross-section of the Model I turbopump is shown in Figure No. 3. The
second and third configurations are Model II designs. The second model has an
interim inducer with first- and second-stage turbine wheels that weigh 180 1lb and
128 1b, respectively. The third has a final inducer that weighs approximately 73 1b
with the same turbine whegls being used. The feasibility and structural integrity
of the final inducer has been proven analytically but it has not been fabricated.
An axial section view of the Model II turbopump is shown in Figure No. T.

The ratio of the mass of the housing to the mass of the rotating
system was sufficiently low (approximately 7.5 to 1) to justify the inclusion
of stator effects in the mathematical model., For purposes of analysis, the
housing is assumed to terminate at the 10 degree elbow at the pump end and to the
right of the turbine inlet manifold (Figure No. 3). The weight of the turbine
inlet torus, part of the turbine inlet line, and the turbine exhaust housing are
assumed to be concentrated at the turbine end.

A cross-section of the Model I fuel turbopump assembly and the
lumped-mass parameter model that was used in the analysis are shown in Figure No. 8.
The mass of the rotating system and the housing are considered to be concentrated
at discrete points (lumped-mass) and the elements thht connect the lumped masses
are considered to be beam elements that have flexural and shear stiffnesses but
no mass. - ;
The rotating system is connected to the housing by springs (K )
and K, ). These represent the stiffnesses of the bearings and some parts P
of thé housing (e.g., inducer guide vanes and the turbine bearing housing).

Springs connecting the stator to ground were not included in this
model as they were found to have negligible influence upon the whirling critical
speeds. This 1s discussed further in Section V.0 .72,

The mechanical and physical properties of each bay are itemized in
Zsble I. A bay consists of a lumped mass and one-half of the elastic element
on each side that connects the masses to the left and right of the mass being
consiiered (see Figure No. 9).

B, METHOD OF ANALYSIS

The method that was used to analyze the lateral vibration character-
istics of the fuel turbopump assembly is detailed in Appendix A, Briefly, this
method is & modified Myklestad-Thomson type solution facilitated by a matrix
formulstion and programed for digital computer application. Free, forced, and
forced-damped vibration programs were developed; however, only the first two
were utilized for the analyses presented in this report.
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C, SPECIAL CONSIDERATIONS

1. Roller Bearing Spring Rates

The influence of the roller bearing spring rates upon critical
speed makes it imperative that exact value of spring rate be known. This is
shown in Figures No. 10 and 1l. The bearing spring rates have been experimentally
and analytically evaluated. Generally, the experimental data and the theoretical
results compared quite well. The theoretical and experimental spring rate —load
relationships for both the pump and turbine roller bearings are shown in
Figures No. 12 through 16. The basis for the derivation of the spring rates is
presented in Appendix B.

2. Turbine Bearing Housing Spring Rate

The flexibility of the turbine bearing housing causes the apparent
turbine bearing spring rate to be reduced. The equivalent spring rate is shown in
Figure No. 17. Because the flexibility of the turbine bearing support significantly
affects the critical speed, it is also necessary to evaluate the turbine bearing
housing spring rate. The bearing housing stiffness has been analytically and
experimentally examined. The theoretical and experimental analyses are presented
in Appendices C and D.

3. Turbopump Assembly Support Flexibility

A description of the supporting struts were given in Section
IIT.E. The spring rate of the supporting struts varies depending upon the
direction of translation of the fuel turbopump assembly. For purposes of estimating
the effects of the support flexibility upon the shaft critical speeds, an effective
spring rate has been evaluated in the plane that contains the centerlines of the
engine and fuel turbopump assembly as well as in the plane that is perpendicular to
the first plane. Therefore, the values derived represent approximately maximum
and minimum values of strut spring rate. This permits bounds to be placed regarding
the effect of strut stiffness upon the fuel turbopump assembly critical speeds.

The effective strut spring rate(5), acting at the turbopump
assembly center of gravity, and in the plane that contains the centerlines of the
engine and fuel turbopump assembly is approximately O.64 (106) 1b/in. In the plane
perpendicular to the first plane the spring rate is approximately 0.31 (10 ) lb/in.
These spring rates were used in an anslysis wherein the entire turbopump assembly
was considered as a rigid body and the strut support system as springs.

The corresponding uncoupled natural frequencies are 25.0 and
17.5 cps (1500 and 1050 rpm). Thus, no significant change in the critical speed near
the design operating range is expected. Subsequent to the analysis, a resonant
survey was conducted of the Model I fuel turbopump assembly assembled in the test
stand. Natural frequencies of the rigid body fuel turbopump assembly on its support

(5) Natural Frequency Analysis of the FTPA Rigid Body Strut Support System,
Aerojet-General Report No. SA-FTPA-121, Rev. B, April 1965.
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struts were found to be 6.5, 21, 2L, 60, and 67 cps. Therefore, turbopump
support flexibility should net significantly affect the shaft critical speed.

4., Residual Imbalance

The imbalance of each major component resulting from the limits
in balancing capabilities is shown in Figure No. 18. Bearing reactions caused
by the residual imbalances are given in Table II. Because the rotor is not
balanced as a complete assembly, dlametral runouts and tolerances of pilot
diameters could cause some shaft misalignment. Following the analysis, it was
decided to balance the turbine rotor and main pump rotor as a subassembly.

Thus, the effects of the pilot runouts at the turbine end will be removed
during this subassembly balancing. The resulting bearing loads, which are
quite small, are given in Table II.

5. Damping

The effects of the various forms of damping upon rotating
machinery include a slight shift in the critical speeds, a limit on shaft dis-
placements, and a reduction in bearing reactions. Because the rotor is supported
by rolling bearings and operates in a very low viscosity and light fluid medium
(liquid hydrogen), damping of any significant magnitude is not expected. There-
fore, it is not included in the analysis presented in this report.

6. Conical Whirl Mode of Motion Allowed by Bearing Clearances

A probabl? §?de of motion of the rotor under operating conditions,
is one of conical whirling 6 7), as indicated in Figure No. 19. Another possible
motion is a cylindrical whirling mode, but because the resulting bearing lcads
will not be as severe as for the conical mode, due to the smaller overhung

mass eccentricities, only the conical mode was evaluated. The resulting bearing
loads are discussed in the ensuing sectilon.

D. BEARING REACTIONS AND CRITICAL SPEED 7

Bearing clearances are the major source of bearing reactions. The
clearances allcw the rotor masses to rotate at some position other than the
geometric canter defined by the bearing axis, This type of rotation results in
conical whirl, The rotor masses, which require an additional forcing function(8
to initiate a conical precession of the shaft axis, cause centrifugal forces that
are balanced by the bearing reactions. This additional forcing function will
most likely be caused by the ilmperfect mass balance of the rotor turbine wheels
or inducer. Rearing clearances are discussed iz Appendix E.

(6) Morris, J., "The Impact of Bearing Clearances on Shaft Stability"
Aircraft Engineering, pp 382-383, December 1957.

(7) Den Hartog, J. P., Mechanical Vibrations, New York, McGraw-Hill,
1956, Fourth Edition, pp 252-265.

(8) Morris, J., loc. cit.
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TABLE II

Model I TPA Bearing Reactions Resulting From Residual Imbalance

Source Reactions (1lbs)
at 12,000 rpm

Pump Bearing Turbine Bearing

Balancing to .35 in-oz and
.75 in-oz at planes I and II 100 300
respectively (refer Figure 18)

Eccentricities in pilot 540 730
diameters (refer Figure 18)

TOTAL 640 1030

NOTE: The Model I assembly first critical speed is
calculated to be 16,000 rpm
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As previously shown, the bearing spring rates are not constant (i.e.,
the load-deflection relationship is not linear). For purposes of comparison, the
bearing reactions are shown in Figure No. 20 for both constant value and load
dependent spring rates. Note that the linear treatment of a nonlinear system
tends to give lower bearing reactions in the operating speed range. Also, the
value of the first critical speed 1s somewhat underestimated. Bearing reactions

for bearings that are represented by nonlinear springs for the Model II configurations

are shown in Figures No. 21 and No. 22,
E. ADDITIONAL ANALYSIS DESIGN INFORMATION

The shaft bending stresses caused by conical whirling and assoclated
unbalance forces are shown in Figure No. 23. Because they are very small, these
stresses can be ignored in evaluating the structural integrity of the rotating
system. Hoop stresses, caused by rotation, control the design structural
integrity.

The shaft and stator elastic curves of the Model II turbopump assembly
for various operating speeds are shown in Figure No. 24, The elastic curves are
used to evaluate the rotor running clearances.

Hertz stresses as a function of bearing reaction are shown in
Figures No. 25 and No. 26.

VI, OTHER SOURCES OF BEARING LOADS

Bearing loads from sources other than shaft whirling are shown in Table III
(e.g., longitudinal and lateral accelerations, gimbal snubbing, gyroscopic reaction
caused by gimbal angular velocity and hydraulic imbalance).

VII. CONCLUSIONS

The bearing loads for the pump and turbine roller bearings are given in
Table IV, The total loads are caused by the centrifugal loads from the conical
whirling mode of motion plus all other sources of bearing loads considered in
this report.

Critical speed analyses typically tend to show higher results than are
obtained experimentally. This is primarily because of the exclusion or
approximate treatment of some potentially significant factors (i.e., bearing spring
rate, dynamic coupling of rotor to housing, shear deflections, etc.).

In this report, a fairly rigorous method for prediction shaft whirling
critical speeds and associated bearing reactions has been presented. Many factors
found to be influential in the analysis have been experimentally and analytically
investigated. The roller bearings, load-deflection relationships, their load
capacities, and the turbine bearing support housing spring rate were determined
by tests. Consequently, the predictions set forth in this report warrant a high
degree of confidence,
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TABLE III

Bearing Loads Attributable to Sources Other Than Shaft Whirl

Source Load at 14,550 rpm, Kips
Pump Bearing Turbine Bearing

Pump Hydraulics 0.70 1.40
Engine Accelerations: 0.80 l.64

10 g's longitudinal

1l g lateral
Engine Gimbal Snubbing 1.03 1.92
Engine Gimballing Gyroscopic 1.02 1.02
Action of Rotor

TOTAL 3,55 5,98
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Appendix A

I, INTRODUCTION

This program has the capability for analyzing the free or forced-
undamped, lateral vibrations of two elastically coupled lumped parameter beams.
Natural frequencies, mode shapes, as well as associated shear and moment dis-
tributions can be computed. The program can compute the amplitudes of the
shears, moments, slopes, and deflections attributable to harmonic forcing
functions. Shear deflections, rotary inertia, and gyroscopic effects for ro-
tating shaft analyses are also included in the program capability.

The spring supports may be input as either constant values or load
dependent functions defined by
K=A- PB

where A and B are constants and P is applied load, or by a table of P
vs. K points.

The following is a list of appropriate nomenclature.
L - Length of Elasticity Element (in.)

E - Modulus of Elasticity (psi)

I - Area Moment of Inertia of Cross Section (in.u)

Shape Constant for Shear Deflection (in.'a)

Q
|

G = Modulus of Rigidity (psi)
W = Weight of Lumped Mass (1b)
I. ~ Polar Mass Moment of Inertia (lb—inrseca)
I, = Diametral Mass Moment of Inertia (1b-i —seca)
K = Spring Constant (1b/in.)
W) - Shaft Whirl Frequency (cps)
A - Increment in Frequency (cps)
d = Offset Between Corresponding Stations in Two Beams (in.)

¥ -~ Forcing Function Coefficient of 602 (lb-secz)

Note: All unprimed quantities refer to top beam and springs between the beams.
All primed quantities refer to the bottom beam and springs between it and ground.
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Appendix A

V -~ Shear (1b)
M =~ Moment (in.—1lb)
@ - Slope (rad)

Y ~ Deflection (in,)

[ pum |
E
]

Elasticity Transfer Matrix
[ij - Mass Transfer Matrix

1A}

ITI, GENERAL PROCEDURE

State Vector

Analyses of complex multi-degree-of-freedom systems, of which the rotor-
stator system is one, are commonly undertaken using matrix transfer techniques
and the methods used herein are based upon this technique. The system is first
reduced to an idealized mass-elastic model (see Figure 8 on page 15) and, then
subdivided into bays of the type shown in Figure 9 on page 18.

i i lst Interior Point

2nd Interior Point

Then a column matrix containing all the types of load and deflection variables
which can occur in the system is made. This column matrix is called the
"state vector." At the start the state vector consists of the boundary con-
ditions,; both known and unknown, Next, a matrix equation is written which
transforms the variables of the state vector from their values at the start

to their values at the first interior point in the system. Further relating
the conditions at the second interior point to the first interior point in-
tern relates the second point to the start. Thus far, two matrix transfor-
mation equations are required: the first is for a transformation of variables
across the idealized mass (Figure A-~1 and A-2) and the second is for trans-
formation of variables across the idealized elasticity (Figures A-3 and A-4),
This procedure is continued until the last interior point and also the start
is related to the end point. Then, by utilizing the boundary conditions at
the end, the unknown conditions at the start and at the end can be evaluated.
Once all the boundary conditions at the start are known, all interior con-
ditions can be evaluated by re-walking through the system to the end.
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Appendix A

At the start of the first bay N = 0, thus

fad - {oo}

Assuming the model starts with elastic elements we have going across
the first elements in bay 1.

{8} = (e Hao }

And across the first lumped masses in bay 1

fa b= [r Hatk= [ e ]{a}

Next, across the second elasticity

fo b= le ok =[]0 ]l ook [e4ar)

In like manner, transformations can be made across each bay, expres-
sing each state vector in terms of the previous state vector, and thus in
terms of the initial state vector.

b= () - o))

In expanded form we get,

nv du dm dB dM dﬁ dw dn &8 dw V

M d2| . . . . . - C!ZB d29 M
% da o ' o dw d» | | E
Y dv “ ' ' 7 das de | |Y

_Vl__-_- ds‘ . . . . . . d58 d59 _.VI.—
Ml del . . . . . . (Jés d69 '
1 I IS ol
Y u dp des Jdu ds dy dy dw Iy ||V
1O O O O O O O ©°o T4l

The resulting above simultaneous equation are reduced to four simul-
taneous equations by virtue of the four known boundary conditions at each
of stations N = Q and N = NSTA. Then, solving simultaneously the remaining
boundary conditions at station N = O are evaluated.
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For instance, if

0 (0]

O O
] )

—[ANSTA} =4 &+ AND '{Ao} -
g
' !
Y Y

L Nep | 1,

The following system of equations are solved:

O da dn dn dm dW

O = d23 Cze d27

@) dss ds¢ ds7 dsa d59 )
O dis de deo des dgy Y

After the entire conditions of state at N 0 are known, all other
state vectors are evaluated by repeating the chain multiplication.

All [Fﬁ:] have elements containing W . Thus to obtain the dynamic
response over the entire shaft speed range of interest, the aforementioned
procedure is accomplished first for an initial given shaft whirl frequency
w . Then the procedure is repeated for the additional number of fre-
quencies, separated by the increment AW , required to define the res-
ponse of the system in the range of interest.

III. THEORY AND DERIVATION OF EQUATIONS

A, STATE VECTOR

The state vector {A) is defined as the column matrix of the
shear, moment, slope,and deflection of the beam or beams at the end of bay
N, The ninth element of the state vector is the constant one which permits
the inclusion of the load constant in the transfer matrices.

J

z<

¥,

-

'|--<'ei§<-<|e4

B, MASS TRANSFER MATRIX

Figure A-1l illustrates a free body diagram of the lumped masses
at bay N and the forces and moments which act upon the same. The corres-

ponding equations of equilibrium and compatibility are presented in the same
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figure,

Some of the terms may require more explanation than is given
in the nomenclature. The term XNGf' represents the "forcing function"
caused by imbalance or conical whirling mode of motion and its associa-
ted centrifugal forces. The stator has an element labeled dy ; this
element has infinite stiffness and permits the lumped masses of the rotor
and stator at bay N to be located at positions other than immediately
above or below the other. The term (Izv - Ixn ) ¥y W? accounts for
what is often called the "gyroscopic effect." This term is largest in
the bays that contain inducer or turbine wheels., (1)

The transfer matrix across the rotor and stator mass at bay
N is given in Figure A-2.

C. ELASTICITY TRANSFER MATRIX

A free body diagram of the elastic elements that connect the
adjacent lumped masses is shown in Figure A-3, The resulting equations
of equilibrium and deformation are also included im Figure A-3.

The terms in the equation are straightforward with the pos-
sible exception of the term

C%:N,VhR

This component expresses the deflection resulting from shear
which may be of importance in short stubby shafts,

The transfer matrix across the rotor and stator elastic
element is illustrated in Figure A-k,

D, PROCEDURE FOR NON-LINEAR LOAD-DEFLECTION BEARING SUPPORTS

In applying this program to the lateral vibrations of turbo-
machinery, the rotor is represented as one beam and the housing as a second
beam. The bearings connecting them are represented as springs. However,
the load deflection relationships of typical turbomachinery bearings are
not linear. One relation given by Palmgren (2) for roller bearings is of
the form,

(1) For a more complete discussion, see Den Hartog, J. P,, op. cit.
(2) Palmgren, A. Ball and Roller Bearing Engineering, SKF Industries, Inc,
%rd Edition, 1959
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- 9/,
8- C' (P /Zs)
For a given effective length, l

K= 'E = C:zPo'|

which is a non~linear function of P. The force on the bearing, P, is a
function of the unbalance in the systems, and is magnified greatly in the
neighborhood of resonance. As bearing loads increase, the value of K, or
stiffness, increases., The effect upon a plot of bearing load versus shaft
speed is to cause a leaning-over of the curve (3).

The computer program treats this effect by calculating a spring
rate

K =AP®

where A and B are constants. A value of P is assumed (R), K is calculated
from the above equation and then a forced-vibration analysis is performed.
From the resulting deflectlons the load in the bearing is calculated

= KY or, P = KY-KY' if worklng with a flexible housing. This value of
P w1ll,1n general,not agree with the value P upon which K was based.
Thus, a new K is calculated and the cycle repeated until the resulting P
agrees with the assumed P . All of this iteration and convergence is
based upon a single frequgncy &) - Once convergence on K is achieved for
a given (), the frequency is changed until the range of interest is in-
vestigated. The projected P for subsequent speeds is given by (starting
with the 4th Q)

i-3

R'=30(p" - PE) P

This prediction equation was found to be needed to obtain convergence in
a sufficiently small number of iterations as the (J approaches resonant

(# TR

(3) Den Hartog, J. P., op. cit.
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more compactly

which may be written{A]L _ [FN] ‘[A];

Figure A-2
MASS ELEMENT TRANSFER MATRIX
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ELASTICITY ELEMENT TRANSFER EQUATIONS
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more compactly
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I, INTRODUCTION

During the work for Subcontract E290750(l), Aerojet-General asked New Depar-
ture to develop spring rate models for a cylindrical roller bearing. The following
Appendix consists basically of material taken from the New Departure Report and
summarizes the results of the requested analysis., A computer program based upon the
methods presented herein is now in use,

The following is a list of nomenclature pertinent to this computer program:

Pp Radial Play

] Angular Position

GL Angular Limit of the Load Zone
Z Pitch Circle Diameter

D Roller Diameter

R Radial Load

k Radial Deflection

s Deflection

aN Normal Deflection

Bocf High Speed, Zero Load Deflection
K Spring Constant

b Spring Exponent

Cr Centrifugal Force/Roller

L Roller Length

Den Density

P Normal Load

a Semi-width of Contact Area

E Modulus of Elasticity

(1) Subcontract to provide analytical support for solving M-1 Engine bearing
problems,
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M Poisson's Ratio

r Radius of Curvature
N Number of Rollers

n Error Tolerance

II, ROLLER ELEMENT SPRING EQUATION

A, INTRODUCTION

The solution of the roller bearing mechanics problem is dependent upon
a knowledge of the spring equation of the roller element against a raceway. A
search of the literature revealed work in this area by Fo%gl in Germany and
Lundberg in Sweden., This report will use Lundberg's work ),

B, BASIC EQUATION

The basic equation presented by Lundberg relates to the approach between
a cylinder and a plane body. This equation is

§ = 2P 1 X L2 g Equation (1)
TE' L P

where
P = normal load on cylinder
L = length of cylinder
E' = E/(1-M?)

where
E = Modulus of elasticity of the cylinder and plane body.
K = Poisson's ratio of the two bodies.

(Note: Equation (1) is independent of the diameter of the cylinder.)

(2) Palmgren, A.,, op.cit.
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Lundberg proceeds with the basic equation and after several inter-
mediate steps arrives at an approximate power function relationship.

28 &~  0.0062 P99
1.0.8

where & is in mm and P in Kg. The use of the above approximation
is found in Palmgren(2)n

C. EXPERIMENTAL CONFIRMATION OF EQUATION (1)

If a roller were placed between two flat plates, their normal approach
under load would be twice that given by Equation (1l). An experiment of this type
was conducted and the results are compared with twice the value as calculated by
Equation (1), These results are shown in Figure B-l.

D, POWER FUNCTION REPRESENTATION OF EQUATION (1)

The data upon which the above graph is based are plotted in Figure B-2
on a log-log scale, The data points essentially plot as a straight line., This
gives rise to a power function representation, i.e.,

P=xsP Equation (2)

where b is the slope of the straight line and may be cbtained from
any two points (1) and (2) as shown below,

(2)

InPy-1lnP; b= 1D P)-1np
Ing, - Ins

in P (1)
ﬁs 2 = lnSl

l .

The constant K 1s found from

Figure B-~2 also shows that the slope does change over the range of loading con-
sidered. This indicates the need for considering the expected load range which
the cylinders will be subjected to if a power function representation is to be
used, This aspect of the problem was considered and is discussed in more detail
in the discussion of the application of Equation (4).

Equation (3)
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E. MODIFICATION OF EQUATION (1)

Equation (1) may be modified to account for the effect of curvature
of the plane body. This results in

£ = 2P w1l E 2r + D Equation (4)
in

(
TE' L 2P r

where D = diameter of cylinder

r = radius of curvature of other body in the plane perpendicular
to the axis of the cylinder; r is positive or negative depending upon its relation-
ship with D in accordance with kertz theory of contact stress and deflections.

For example,

P (a) Negative r
(outer ring) (b) Positive r
(inner ring)

Fo APPLICATION OF EQUATION (4) TO A BEARING

The radius rj of an inner race is a positive curvature (see example
above),

ri =1 (z-p)
3

Z = pitch diameter to roller centers

Then from Equation (4)

2r + D . 2 2

T

r Z=D
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therefore

"

2 P,
Si 1 1n mL2 E' yA Equation (5a)
ME' L P Z-D

In like manner for the outer race - roller spring

®o 2 P, n |12 e Z Equation (5b)

o
G ESTIMATE OF LOAD RANGE TO WHICH ROLLERS IN A BEARING WILL BE SUBJECTED

The maximum load which the saddle roller will be subjected to at low
speed is approximated by

P ~ 5R (*) Equation (6)
(6=0) N
where

total static radial load on the bearing

number of rollers

Equation (6) forms a reasonable basis for the upper limit of roller
load used in establishing a power function spring equation.

III, HIGH SPEED MECHANICS OF A ROLLER BEARING UNDER PURE RADIAL LOADING

A, GEOMETRICAL CONSIDERATIONS

In the zero load and speed condition, one may view a roller bearing
with its rings concentric and its rollers in line contact with the inner ring,
This is shown schematically as follows:

(*A Streibeck distribution assuming no diametral looseness in the bearing yields a
coefficient slightly larger than 4, Assuming some diametral looseness the coef=-
ficient becomes larger. An assumed value of 5 is a reasonable estimate.)
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Saddle Roller

X
(6 = 0,0) -*‘\\\\ P, = Free diametral play -
—\ Pp ®©
2

(radial play)

® = Angular position
around bearing,

Z = Pitch circle diame-
ter of rollers,
Inner Ring

D D = Roller diameter,

Cuter Ring

S

X Schematic (1)

Holding the outer ring stationery, the inner ring may be moved upward along the
X=X axis a free amount Pp/2 before contact is made by the saddle roller (see
Schematic 1) with the outer ring. This displaced position is shown as follows,
which defines the position from which deflection shall be measured. For a bearing
having zero or a negative radial play, deflection is measured from the symmetric
position,
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R Aoy - Pp

5 (1 - cos@)

X - X = Axial of radial load
and radial deflection.

W
(Positive

Direction)

Inner Ring

Quter Ring

Schematic (2)

X

Letting R be equal to a radial load being transmitted by the shaft, the roller
bearing will deflect an amount k, where

k = radial movement of the inner ring of the bearing relative
to the outer ring along the axis of the radial load as
defined by the X - X axis of Schematic (2) above.

If the bearing is mounted on a shaft that is essentially solid and in a housing
which is massive compared to the thickness of the outer ring, it may be assumed
that the rings remain circular in shape with deformations occuring only at the
roller-inner race contacts and at the roller-outer race contacts.
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Letting,
CH

8o = normal approach under load of a roller to the outer ring.

normal approach under load of a roller to the inner ring.,

The total normal approach under load between the inner and outer
rings along a radial line from the bearing center if S’N where

5y = 8; t+ 5, Equation (7)
For the saddle roller
for PD 2 0,0 ., =k
- P
for P £ 0.0 SN =k - fD

For a roller at some position © around the bearing it may be

shown that
for PDEE 0.0 8N (e) = ( EEm + k) Cos e -.ER (a)
2 2
Equation (8)
, - . P
for Pj< 0,0 SN (8) = _2_1)_ + k Cos @ (b)

Equation (8) is a direct result of geometrical considerations.
B, SPRING EQUATION OF A SINGLE ROLLER
It was shown in the power function representation of Equation (1)

that the relationship between load and deflection of a roller against the inner
and outer rings may be expressed as

jac}
o
1
~
™
oNn
[
”~~
fu
~

Equation (9)
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where

P

normal load between a roller and a raceway

Ké&Db

i

spring constants
Subscript "i" refers to inner ring-roller,
Subscript "o" refers to outer ring-roller,
C. HIGH SPEED EQUILIBRIUM EQUATION FOR ROLLER

For the inner race rotating at some rpm N;, the centrifugal force
acting on each roller is given by

2 2
CF = ,279D°LZ P(l - P_) N;© x 1073 Equation (10)
Z
where
2279 constant (assumes lb~in. units)

CF = centrifugal force/roller
L = effective contact length of rcller
P = density of the roller material

Under constant speed conditions with no cage forces, the required equilibrium
condition for each roller is

P, +CF - P, = 0.0 Equation (11)

Free body diagram
of a single roller,

Schematic (3)

Equation (11) may be expressed in terms of the deflections $; and §,
by substituting Equation (9) for P; and P,
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b:

1 bO

+ CF-K, § = 0.0

K; 8 o

From Equation (7) we have
SO=SN -Si
Then the equilibrium equation for the individual roller becomes

ki ko
K; Si + CF =~ Ko (S _ S,) = 0.0 Equation (12)
N 1

A given value of k in conjunction with Equation (8) enables one to evaluate pr
Thus, the only unknown in Equation (12) is & ;.

Solving for $j in Equation (12) may be accomplished by any of
several numerical techniques. The method used in this part and discussed in
the solution to the rolling element equilibrium equation is the Newton-Raphson
method.

D, HIGH SPEED ZERO LOAD RADIAL DEFLECTION

If the roller bearing of Schematic (2) is brought up to speed without
the application of any radial load, the rollers will deflect normally into the
outer race as a result of centrifugal force., This means that the inner race will
no longer be in contact with the roller at the saddle position (i.e. ® = 0.0),
Neglecting the small effect of unbalance resulting from the eccentric position of
Schematic (2) the inner race may move upward under negligible load an amount equal
to the normal approach into the outer raceway.

Letting

Socf = normal approach of a roller into the outer race due to CF

Then

Soct

high speed, zero load radial deflection

Thus at a constant speed, the radial load versus deflection curve of
the bearing will have a radial deflection g ,.f under negligible external load.
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E, CRITERIA TO DETERMINE IF A ROLLER IS LOADED

1, Zero SEeed

Under zero speed condition, Equation (8) may be used to determine
the extent of the loaded zone around the bearing.

Thus if
oy(e) > 0.0

the roller at that position will be loaded., In this manner, one may define the
limit of the loaded zone in terms of the angle which satisfied the condition.

Shﬁe L) = 0,0

Solving Equation (2) for this criteria yields

[ -
Pp
for P, 2 0.0 8. = + Cos
D ht )
b L Pp + (a)
- b -
for Pp £ 0.0 6, = + Cos D
B R Equation (13)
. 8 < Limit of the Load Zone

2, High SEeed

Under high speed conditions the criteria used to determine the
angle GL at which the inner race becomes unloaded is

By (9p) =g

ocf

this results inj

Py, 28
for P, 2 0,0 ©, = + Cos D+ ocf (c)
D L — P
| Pp o+ 2k
Equation (13)
i P.+ 28 i
D £
for P. € 0.0 6, = + Cos CAZN )
D 4 —_ 2k

The effect of Socf is to reduce the extent of the loaded zone,
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Fo RADIAL LOAD (R) VERSUS RADIAL DEFLECTION (k)

Based upon the preceeding analysis the following procedure is used to
determine the radial load resulting from a given deflection k.,

(a) Assume a value of k,

(b) Determine § ,.f by means of Equations (9b) and (10) for

P, = CF.

(c) Determine the extent of the loaded zone from Equation (13).

(d) TFor each roller position within the loaded zone evaluate:

I~

§ y from Equation (8)
2 Solve for g . in Equation (12)

3 Evaluate P; from Equation (9a)

4 Evaluate that component of P; which contributes to the

radial load (i.e., Pj Cos®)

(e) Sum up the individual contribution of each roller in the

loaded zone to arrive at the resulting radial load.

For example: @ =+ 6

Go ACCURACY OF MODEL USED

The accuracy of the mathematical model used in

Equation (14)

predicting the radial

deflection of a roller bearing will depend to varying degrees upon the following

factors:

1 Rolling Element Spring Equations

The roller element spring Equations (9a) and (9b) can be estab-

lished quantitatively either by empirical means or as does
mathematical model. In the roller element spring equation
that first order agreement is found between empirical data
derived from advanced theory of elasticity considerations.,
of this model can be expected to decrease as the length of
smaller and/or if the cylindrical rollers are not properly

this report, from a
discussion, it is shown
and a mathematical model
However, the accuracy
the roller becomes
crowned. Proper crowning

reduces but will not completely eliminate stress concentration at the roller ends.
As the roller length is decreased, the roller end conditions become more significant.

Page B-12




Appendix B

2, Pure Radial Loadigg With No Misalignment

The analysis considers only pure radial loading and assumes no
relative misalignment of the raceways. Although roller bearings may operate
satisfactorily under some small misalignment, at present there is no mathematical
basis of predicting the harmful effect of misalignment upon bearing operation or
its effect on radial deflection, However, it is expected that increasing mis-
alignment would result in unsatisfactory bearing performance before it would
measureably change the bearing's deflection characteristics., Of the different
type of roller designs, the cylindrical one is most sensitive to misalignment,
Careful consideration should be given to minimize any condition of mounting or
loading which will result in misalignment.

3. Assumed Static Positioning;of Rollers

Recall that the rollers were assumed to exist at equal intervals
around the bearing with one roller being located at the saddle (@ = 0°) position,
In the operating state, the rollers will be moving into and out of the saddle
position., Under constant load conditions,; such an action would produce a pulsating
deflection around some average value., While this effect does exist, it is not
significant provided the bearing contains a sufficient number of rollers. Gener=-
ally, approximately ten rollers will eliminate any measurable pulsation. Not con=-
sidered in this report is any rotating radial unbalance or shaft whip. Either of
these two factors could cause a pulsating deflection,

4, Effective Leggfh of the Rollers

The mathematical model used to arrive at the spring Equations (9a)
and (9b), depends upon the length of the roller, The effective length of a crowned
roller is somewhat less than the actual length. In general, an effective length
equal to ,9 of the true length is a reasonable representation. However, it must
be realized that this is an area of uncertainty. In view of the intended use of
this discussion for critical speed studies, an approach which may be useful is to
view the effective length over a range which would be expected to bound the true
value, A best opinion at this time would be from .85 to .95. Calculations used
over these limits would provide a basis for upper and lower bound spring rate
values,

IV, SOLUTION TO THE ROLLER ELEMENT EQUILIBRIUM EQUATION

Equation (6) of the discussion is the equilibrium equation of a single
roller,
ki ke
For example Kj B; + CP-K5 ( 3 - 5;) = 0,0 Equation (12)
The only unknown is 85._0 The problem then is to solve for § ; in Equation (12).
To accomplish this the Newton-Raphson iteration technique is used,
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bi ke

Ky 8; + CP-Ky ( 8§, &)

Let Y ( Sl)

Then  ¥( 8 = bk 8,05~ + b (B - §,)(Pom1)

An initial value of §; = (% - 8 oct) is used.

1l
bl N
Successive assumptions for §; are " ( . >
in -1

(5i)n=(f;i)n_l' *P( 5.)

The change in Si values between two iterations is A where

A - Y(5;)
TR
i

The iteration is ended for
|a] £
where

12 = 3 x 107% is used in this report.

Equation (13)

Equation (14)

Equation (14)

The value of W corresponds to a load accuracy of from 5 to 10 lb per inch

of roller length.

To prevent negative arguments of unreal significance in Equations (13) and

(14), the absolute values of the arguments are used.
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Measured Range
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Roller Load pep Inch of Length (1b)

Figure B-]
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by, = 1.135

b1 = 1.085 /

N

/

3 L 5 6 7 89 10 20 30 40 50 60
Deflection - Roller and One Plate x 10° (Im.)

Figure B-2

CYLINDRICAL ROLLER COMPRESSED AGAINST A FLAT PLATE
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I, INTRODUCTION

Strain and deflection datall) obtained from simulated M-l subscale bear-
ing support housing (P/N 291349) are discussed in this appendix. Five models
of various geometrics were tested., However, only the results of the model simu-
lating the actual bearing support housing will be presented.

The tests were conducted to substantiate and aid in the development of
theoretical methods for calculating the spring rates of a hollow frustrum-type
bearing support housing. The spring rate calculations are used in predicting
the critical speeds of the M~1 fuel pump,

Two test conditions were used, and are referred to as the plugged and open
conditions. The purpose of the two conditions was to obtain data that could be
used in evaluating the amount and type of warping of the end circular shape. This
is shown in the sketch below,

j P / P

/

g /

/] /

/

)

- -~ -

/1 /]

/1

/1

/1

4 PLUGGED y OPEN

Dial indicators and SR-4 strain gage data were obtained for determination
of the model deflections,

(1) "VStructural Test of the M-l FTPA Subscale Bearing Support Housings",
Aerojet-General Corporation Memorandum 885, Department 9745, 26 June 1964
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II, SUMMARY

The spring constant of the frustrum-type bearing housing model obtained
for correlation with theoretical analysis is

For the open cone 5,16 (10)% 1b/in.
For the plugged cone 4,12 (10)® 1b/in,

III. TEST SETUP AND INSTRUMENTATION

The 3/8 subscale bearing support housing was instrumented with uni-axial
and rosette strain gages, as shown in Figure C-1., The strain gage grid lengths
were 0,25 in.

The housings were attached to a rigid deck plate (see Figure C-2) by
thirteen 3/8-18 socket head cap screws torqued to 300 in.-1lb,

Static loads were applied by a hydraulic actuator, through a 50,000 1lb
BLH load cell (Model No., U 3XXA) connected to a yoke assembly. A 3/4~in, diame-
ter cable was secured to the yoke and wrapped around the machined groove (from
the 90 degree location to the 270 degree location) so that the line of loading
went through the zero degree and 180 degree locations of the bearing housing.

Five 0,001-in, division dial indicators were installed at the zero degree
and 180 degree locations on the bearing housing to determine the horizontal
deflections during loading.

The applied loads were monitored by an SR-4 (Model 120) strain indicator
and two 20 channel balancing and switching unit.

1v, TEST PROCEDURE

The bearing housing was subjected to its maximum load to eliminate slippage
between the deck plate and the test housing. The load was then released, the
bolts retorqued, and the instrumentation zeroced. Incremental loads were then
applied to the housing per the following schedule.

Bearing Housing
Part Number Applied Load, (1b)

291349 0 8000 16,000 24,000 32,000 40,000 0

Dial indicator and strain gage readings were recorded at each incremental
load.
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A 0,0043-in, to 0.005-in, shrink fit solid steel plug was placed in the
upper ring of the bearing housing, and the above test procedure repeated.

Ve DISCUSSION

The data revealed a decrease of the spring rate when the plug was installed
in the small end of the cone., Analysis of the strain data indicated a change in
the force and moment distribution transmission across the cone diameter, The
deflection data measured opposite the point of load application indicated an
increase in the rotation of the load ring when the plug was installed which would
increase the end moment on the cone resulting in a decrease of the cone spring
rate,

The calculated spring rate of the cone, P/N 291349, included the correcticn
for the movement of the cone base. This base movement, which did not occur with
the other cones tested, was attributed to the inability of the 3/8-in., diameter
bolts to react the 40,000-1b load,
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Figure C~1

STRUCTURAL TEST OF THE M-1 TPA SUBSCALE SIMULATED
BEARING SUPPORT HOUSING - LOCATION OF STRAIN GAGES
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Figure C-2

Turbine Bearing Housing Test Setup
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Appendix D

I. INTRODUCTION

The static spring rate of the turbine bearing housing was analytically
predicted based upon three methods of analysis. These methods can be identified
as an approximate beam solution, a finite element(1) solution, and scaling model
test results., The housing structure and load system are shown in Figure D-1
(top view). The beam and finite element idealizations are given in Figure D-1
(bottom view) and Figure D-2,

II, SUMMARY

The spring constant of the turbine bearing housing was estimated by the
various analysis methods as follows:

Beam Approximation, K = 48.1 (10)® 1b/in.
Finite Element Solution, K = 19.0 (10)® 1b/in.
Per Model Tests, K = 32,3 (10)® 1b/in.

The model tests, which are discussed in Appendix C, did not entirely simu-
late the load system. Instead of the sinusoidal-type loading as expected on the
prototype, it is believed that the loading on the model was such as to preclude
the warping of the end cylindrical shape., Furthermore, when the warping was pre-
cluded in the finite element solution, a spring constant within four percent of
the model test data was obtained. Thus, the finite element solution which accounts
for this warping is considered to yield the best predictions of spring constant,
(i.e., K = 19.0 (10)6 1b/in.).

(1) Holister, G, S. & Zienkiewica, 0.D., Stress Analysis,
London-New York-Sidney, John Wiley & Sons, 1965
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III1. APPROXIMATE BEAM ANALYSIS

7
1.6 in.
7 ]
N , 6.35R
K. ., T * |
5.9 in.
Shaded Area Shows FD
The Idealized Section . . .
A

For Analysis. Bearing Load Application
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It is recognized that the analysis will give a stiffness greater than that

of the actual part.
—t .
ar. | 6.35 _ %75 | - go0, in,”

3
S, = B2 4 2 PL g

3EI AG 4
A = TT "'—2 - ————2 = 5608 ino2
6.35 .75
= P 207 . 11.8 = | = P | 00257 + ,01813 1078
3(30)(900)10° 56.8(11.5)10

(.0207)10~%p

Therefore; Spring Constant = 48,1 (10)° #E
in.

1v, FINITE ELEMENT SOLUTION

A computer program developed to analyze bodies of revolution subjected to
non-axisymmetric loading was utilized, This solution is based upon expanding the
loading function into a Fourier series representation, obtaining a solution for
each Fourier coefficient, and then superposing the solution for each coefficient
to obtain the total solution,

The model, which was tested, was analyzed using this finite element computer
program. For the condition of zero warplng of the circular end, the computer solu~-
tion yielded a spring rate of 4.0 (10)® 1b/in. as compared to the test value of
4,1 (10)6 1b/in. Allowing end warping, the analytical value was reduced to
2.4 (10)% 1b/in.

The finite element analysis of the prototype indicated a spring rate of
19,0(10)® 1b/in,

Vo SCALING MODEL TEST RESULTS

According to the finite element solution of the model and prototype the
scale factor is

6
s.F, = 19.0€10)
2.42(10)

= 7,85
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It is noted that the model was almost a 3/8 scale model of the prototype.
Utilizing the following simplified analysis, the scale factor was determined upon
the basis of dimensions and material properties alone,

By definition, S.F, = K Prototype
K Model
Kf Ks
and: K = mr—— where: K¢ = Flexure spring rate
Kf + Ks
Kg = Shear spring rate
P P M M P P M M
s.F, =S Ke , Ke * K . Ke K Ke +Kg
P P M M M M P P
Kf + Ks Kf Ks Kf Ks Kf + Ks
Rewriting
3 P
K K
S°F°=<fm<s> P1P+ P-J;P
M +
Ke Ks Kg Kg Ke Kg
M M M M
Kf Kf K s KS
. EI AG
Where: Ke o 22 Ks A —
L3 L
I < R3% A L Rt
Ke R3ME , K¢ of RtG
3 L
L
K P P
Let: A = f and B = Ks
M M
Ke Ks
, M . L M
Also:  Kg' = IZKg
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Then: S.F. = A, B 1+ 1
A+ B B + AZ
Z
+A.B 2., 1
ZA+B B+AZ
S.F.=a.p [_Zt
\ ZA +B
If: A = B as in our case, then:
P
S.F, = A2 _Z2+1) o 4 - Ke
A (Z+1) KfM

NUMERICAL CALCULATION OF SCALE FACTOR

Item Prototype (Inconel 718) Model (7079 Aluminum)
E 30(10%) psi 10.5(10%) psi
G 11.5(108) psi 4,0(10%) psi
R 6.44 in, 2,33 in,

L 5.95 in. 2,16 in.
t 1.65 in. 0.6 inm,
P 3
s (2 (2)(2)(E)
KfM R . Lp tm Em
3 3
=f B.ub 2.16 1,65 30
2,33 5,95 0.6 11.5
S. F.=7085
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Appendix E

I. INTRODUCTION

The following analysis determines the magnitude of the forcing functions
that can exist at the principal masses due to bearing clearances at operating
conditions (i.e. -423°F & 13,225 RPM).

11, SUMMARY
The forcing function caused by conical whirl is defined as ' ¥ ' where

F = me@? = YW?2

The maximum computed value of forcing functions are
i ‘

4,83 (10~4) 1lb-sec? at the Inducer

¥I
¥T1 = 3,70 (10~%) lb-sec2 at the Turbine No, 1
¥T, = 4,31 (lO'Q) 1b-sec? at Turbine No., 2

III. CONFIGURATION (Pump Bearing, P/N 288260) (110mm)

edring
\Housing

klnconep
18 <\
0C

N

iy
BLOC ¢

L\ BHO\N

SHAFT

(Inconel 718)
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I1I. CONFIGURATION (Turbine Bearing, P/N 288340) (120mm)

\\\Bearing Housin
\\\(sou Casting)

////////

/Inconel 718
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Appendix E

V. FORCING FUNCTIONS

The nominal bearing clearances(l) at -423°F and 13,325 RPM are

§p = 0.0017—=-0.0022 in.
gy = 0.0008—®0.0017 in,
Wp = 133. 1b

Wp, = 130, 1b

Wp, = 128, 1b

|
|
|
|
| | L L
[
ITM ! !

E(ug in. 42.23 in |

) o 7‘

= L&Sl,%in,—‘——"l

49046 ino il |
ax = + ‘+ o = 3 o = [] a
6m (Sp + 8T)/2(42.2) = 0.0039/84,4 = 0,462 (10™%) Rad
er = _§-§ - 6,490 = =0,0011 -~ 0,000315 = =0,001b in.
N
e, = —L +3.73©= 0,00095 + 0.000181 = 0,001l in.
2
8T
ep = —— 4+ 7,230 = 0,00095 + 0,000352 = 0,0013 in.
T2

2

(1) "Deszgn & Development of Liquid Hydrogen Cooled 120mm Roller, 110mm Roller,
6 110mm Tandem Ball Bearings for the M-1 Fuel Turbopump“ NASA CR-54826,
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The Centrifugal Forces are:

F = me(«)2 = YW 2
2
Fpo= Yo = -2 we®) w?= - ussaetw?
386.
2 _ 130, -3 2 by, . 2
F. = = e (1.1)(107°) ) ° = 3.70(1077) W
Ty Inw 386,
2 128, -3, (U 2 S NAY
= = =— (1,3)(10 =y, 0
Fr, = ¥ 0% = S5r (19007) 4.31(107%)
Y = - %.83(107%) 1b-sec?
¥, ° 3,70(107%) 1b-sec?
5T2 = 4,31(10™%) 1lb-sec?

The only forcing functions considered are caused by the inducer and two
turbines. All other components are relatively small,
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